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Abstract: We experimentally demonstrated the generation of orthogonally 
circular polarized states embedded in nonplanar geometric beams. 
Experimental results revealed that the production of circularly polarized 
beams, induced by crystal birefringence, is quantized. Numerical analyses 
of the polarization and the spatial morphology are consistent with the 
experimental results. 
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1. Introduction 

Polarization is a crucial laser beam characteristic influencing a wide range of laser beam 
applications, such as optical trapping [1], optical vortex generation [2], focus shaping [3,4], 
and quantum information transmission [5,6]. Generating space-variant polarization light has 
attracted considerable attention in the fields of fiber laser [7], vertical-cavity surface-emitting 
laser [8], and diode-pumped solid-state lasers [9,10]. The birefringence of a c-cut Nd:YVO4 
crystal has been used for generating radially and azimuthally polarized beams. Controlling the 
cavity length for the extraordinary and ordinary rays in a hemispherical cavity leads to 
different stability limits for these two rays [11]. This principle has been successfully exploited 
for the generation of low-order transverse vector beams. Furthermore, light beams in 
circularly polarized states carry spin angular momentum. Therefore, the generation of 
circularly polarized beams is of interest for studying optical vortex and optical spin-orbit 
coupling [12–14]. 

Apart from the eigenmodes of polarization states, superposed modes with orthogonally 
polarized states have been experimentally verified to localize on a two-dimensional geometric 
trajectory in a plano-concave cavity [15]. Base on the concept of degenerate cavities with an 
a-cut Nd:YVO4 crystal, a hemispherical cavity is appropriate for superposed eigenmodes 
generation [16]. The stimulated emission cross-section and absorption coefficient of the a-cut 
Nd:YVO4 crystal are 3.5 times and 4 times larger than those of the c-cut Nd:YVO4 crystal, 
respectively, and therefore, the generation of superposed eigenmodes localized on classical 
trajectories of linear polarization is evident in the a-cut Nd:YVO4 crystal [17]. Studies of the 
superposition of coherent waves have helped improve our understanding of quantum-classical 
correspondence. In view of the combined importance of polarization and superposed coherent 
waves, the generation of space-variant polarization states embedded in high-order superposed 
eigenmodes warrants research. 

In this study, we demonstrated the generation of orthogonally circular polarized states 
from a diode-end-pumped c-cut Nd:YVO4 laser. The longitudinal-transverse coupling effect 
leads to the localization of superposed eigenmodes on six coherent nonplanar beams in the 
propagation direction. The birefringence of the c-cut Nd:YVO4 crystal requires the 
polarization continuity of the laser beams oscillating in the cavity. By adjusting the pump 
offset, the orthogonally circular polarized states embedded in the geometric beams can be 
experimentally quantized. To the best of our knowledge, this paper is the first to report the 
generation of orthogonally circular polarized states embedded in nonplanar geometric beams 
from a laser cavity. 

2. Experimental setup and results 

We used a diode-end-pumped laser system to accomplish the experiment. The experimental 
setup is depicted in Fig. 1. The laser resonator consisted of a plano-concave mirror with a 
radius of curvature (R) of 10 mm and a c-cut 2.0-at. % Nd:YVO4 gain medium. The gain 
crystal was 1 mm in length, with a cross section of 3 mm x 3 mm. One side of the gain crystal 
was coated for antireflection at 1064 nm, and the other side was coated to be an output 
coupler with a reflectivity of 99%. The reflectivity of the front mirror was 99.8% at 1064 nm. 
The pump source was an 809 nm fiber-coupled laser diode with a core diameter of 105 μm , 
numerical aperture of 0.22, and maximum power of 3 W. A focusing lens with a focal length 
and coupling efficiency of 25mm and 80%, respectively, was used to reimage the pump beam 
into the laser crystal; it was mounted on a two-dimensional mechanical stage for adjusting the 
pump offset. The cavity length and pump offset were fixed at 7.6 mm and 590 μm , 
respectively. As increase in the pump offset led to the lasing beam gradually transforming 
from the fundamental Gaussian mode to a high-order mode localized on a nonplanar 
geometric trajectory formed by six coherent beams. Figures 1(a)–1(f) show the experimental 
results for the nonplanar geometric beams in the propagation direction. The middle of Fig. 1 
illustrates the three-dimensional trajectory of the nonplanar geometric mode from the near 
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Fig. 1. Experimental setup and 3D trajectory of the circular geometric mode from the near field 
to the far field. Experimental transverse patterns of the 3D geometric mode at (a) 0z = , (b) 

1.15mmz = , (c) 2.48mmz = , (d) 4.27 mmz = , (e) 7.39 mmz = , and (f) far field. 

field to the far field. The nonplanar geometric beam in the cavity is symmetric Because the 
standing wave is the only wave in laser resonators, we consider nonplanar geometric modes 
propagating in opposite directions in the cavity. The orange and green lines in Fig. 1 represent 
the geometric mode propagating in the clockwise and counterclockwise directions, 
respectively. Experimental results revealed that the polarization states of the two circular 
geometric modes were right and left circularly polarized states, respectively. The coexistence 
of left and right circularly polarized states in a laser cavity is interesting. The experimental 
polarization-resolved far-field pattern shown in Fig. 2(b) indicates that the six spots of the 
nonplanar geometric modes correspond to the right and left circularly polarized states, 
respectively. The polarization dependence of the nonplanar geometric mode results from the 
interaction between the beam trajectory and the birefringent laser medium. The experimental 
results showed that coexisting oppositely circularly polarized states embedded in the 
nonplanar geometric beam are ubiquitous in the degenerate cavity with 3 4L R ≈ , where L is 
the cavity length. However, not every pump offset caused the formation of coexisting 
oppositely circularly polarized states. The formation of circularly polarized states was 
quantized in the laser cavity. An increase in the pump offset caused the lasing mode to 
discontinuously change from one nonplanar geometric mode to another nonplanar geometric 
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mode, implying that the circularly polarized states embedded in the geometric beam show 
polarization continuity in a round trip through the cavity containing a birefringent medium. 

 

Fig. 2. (a) Side view of the nonplanar geometric mode with left and right circularly polarized 
states. (b) Experimental far field pattern. (c) Enlargement of the beam at an angle θ  from the 
z axis, and the corresponding refractive indices. 

3. Numerical analyses of polarization results 

In a positive birefringent Nd:YVO4 crystal with o 1.9573n =  and e 2.1652n =  at 1064 nm, 
strong polarization-dependent fluorescence emission exists because of the anisotropic crystal 
field. When a fundamental Gaussian-mode laser beam enters a c-cut Nd:YVO4 crystal at an 
incident angle 0°, the birefringence is zero because of high-level transverse isotropy. 
Furthermore, when a laser beam enters the crystal at an angle θ  with regard to the optic axis, 
the birefringence leads to a change in the polarization state according to the phase retardation. 
Figure 2(a) illustrates the side view of the nonplanar geometric mode in the propagation 
direction. The nonplanar geometric mode localized on six individual beams can be considered 
equivalent to multiple Gaussian beam oscillating in the cavity and passing through the crystal 
at the same angle θ . Depending on θ , the transverse electric fields related to the two 
refractive indices on  and effn  induce refractive angles oθ  and effθ . The effective refractive 

index effn is given by 

 o e
eff 2 2 2 2

e o

.
cos sin

n n
n

n nθ θ
=

+
 (1) 

The magnified diagram in Fig. 2(c) depicts the different paths of the two beams; however, the 
experimental lateral displacement of the two beams was sufficiently small to maintain the 
localized geometric mode. The difference between the two refractive indices leads to phase 
retardation, which is represented as 
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where d is the thickness of the laser medium and λ  is the wavelength of the laser beam. For a 
resonant cavity, the phase change of the field induced by the birefrigent crystal should be an 

integral multiple of 2π ; it is expressed as 2k dz mπ= ⋅ , where k is the wave number, m is 

an integer, and integral range is twice crystal length, implying that the phase retardation of the 
nonplanar geometric mode follows 2 2 mδ π= ⋅ . Each beam of the nonplanar geometric mode 
which passes through the crystal and reflects from the coating side remains the same handed 
circular polarization. To produce a nonplanar geometric mode in a degenerate cavity, tight 
focusing and controlling the off-axis pump scheme is crucial. When increasing the pump 
offset, the angle of the lasing beam makes the phase retardation to satisfy the quantized rule, 
and the nonplanar geometric mode with orthogonally circular polarized states are generated. 
The experimental results revealed that the polarization states of the nonplanar geometric 
mode satisfy the quantized condition. Figure 3 shows the discrete conditions for the 
generation of 

 

Fig. 3. Phase retardation values related to different m values. Dot: experimental result. Line: 
numerical result. 

nonplanar geometric modes with orthogonally circular polarized states in the degenerate 
cavity of 3 4L R ≈ . The phase retardation values related to different m values represent the 
phase difference between the transverse orthogonal electric fields when the beam passes the 
gain medium at an incident angle relative to the optic axis. The error bar indicates a 5% range 
related to the numerical result. All error values lying within 5% demonstrate that the 
experimental data for phase retardation were in good agreement with the numerical analyses. 
The different m values represent the quantization of polarization continuity in the cavity; the 
polarization continuity facilitates the simultaneous formation of the orthogonally circular 
polarized states embedded in nonplanar geometric beams. 
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4. Numerical analyses of superposed Laguerre-Gaussian modes 

A laser system with a pump offset and an a-cut Nd: YVO4 crystal is typically characterized 
by the generation of Hermite-Gaussian (HG) modes and the mixing of HG modes [18]. By 
contrast, a laser system with a c-cut Nd: YVO4 crystal typically generates Laguerre-Gaussian 
(LG) modes [11] and eigenmodes with elliptical coordinates [10]. The type of lasing mode 
depends on the symmetry of the boundary conditions (shape of the resonators and cavity 
length) and initial conditions (gain medium and pumping scheme). Since the YVO4 crystal 
belongs to the group of oxide compounds crystallizing in a zircon structure with a tetragonal 
space group, the c-cut Nd:YVO4 crystal is a high-level transverse isotropic crystal. Therefore, 
LG modes and the mixing of LG modes are appropriate bases for laser systems with a c-cut 
crystal. The wave function of an LG mode with longitudinal index s , transverse radial index 

p , and transverse azimuthal index l  in cylindrical coordinates ( ), , zρ φ  is given by 

( ) ( ), , , ,, , ,il
p l s p l sz e zφρ φ ρΨ = Φ . Here, 
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2 2
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where ( ) ( )2

0 1 Rw z w z z= + , 0w  is the beam waist, 2
0Rz wπ λ=  is the Rayleigh range, 

( ) ( )1tanG Rz z zθ −=  is the Gouy phase, , ,p l sk  is the wave number, and ( )l
pL ⋅  represents the 

associated Laguerre polynomials. The wave number can be written in terms of the effective 

length L as ( )( ), , 2p l s T Lk L s p l f fπ  = + + Δ Δ  , where 2Lf c LΔ =  is the longitudinal mode 

spacing and TfΔ  is the transverse mode spacing. For an empty resonator consisting of one 
spherical mirror with radius of curvature R and one plane mirror, the bare ratio between the 

transverse and the longitudinal mode spacing is given by ( ) ( )11 cos 1T Lf f L Rπ −Δ Δ = − . 

Experimental observations show that when the T Lf fΔ Δ ratio is close to a simple fraction, the 
longitudinal-transverse coupling leads to frequency locking among different transverse 
modes, aided by different longitudinal orders to be the degenerate states [18]. In this work, 

1 3T Lf fΔ Δ =  was achieved, demonstrating that the nonplanar geometric modes were 
localized on six individual beams. The coherent optical wave propagating in clockwise and 
counterclockwise directions is expressed as ( ) ( ), , , ,R LE z E zρ φ ρ φ+  by considering the 

standing wave in the cavity. Here, 

 ( ) ( )
0 0 0, 3 ,, , , ,

M
M il

R k p l k s k
k M

E z C e zφρ φ ρ+ −
=−

= Φ  (4) 

 ( ) ( )
0 0 0, 3 ,, , , ,
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L k p l k s k
k M
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and 
1 2

2
2M M

k

M
C

M k
−  

=  + 
 is the weighting coefficient. The parameter 0s  is an arbitrary 

number because the transverse pattern is independent of the factor. Figures 4(a)–4(f) present 
the numerical results for the transverse beam profiles described in Eqs. (4) and (5), with 
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( ) ( )0 0, 0,60p l =  and 4M =  from 0z =  to the far field. The superposition of degenerate LG 

modes results in a nonplanar geometric mode. The condition 1 3T Lf fΔ Δ =  causes the 

 

Fig. 4. Numerical results of superposed LG modes according to  Eqs. (4) and (5) with 

( ) ( )0 0, 0,60p l =  and 4M =  from 0z =  to the far field corresponding to experimental results 

in Fig. 1. The scale bars represent 100μm  in (a)-(e) and  30cm  in (f). 

 

Fig. 5. Phase distribution of the superposed LG modes corresponding to Fig. 4. 

localization of transverse optical waves at six spots in the azimuthal direction. The numerical 
results agree well with the experimental results presented in Figs. 1(a)–1(f). Figures 5(a)–5(f) 
show the evolution of the corresponding phase distribution of the superposed LG modes 
shown in Fig. 4. There are phase singularities embedded in the superposed LG modes during 
propagation. The LG mode associated with the spatial structure of the optical field has orbital 
angular momentum. The superposed LG modes of large azimuthal indices having large 
orbital angular momentum have potentially for wide applications. 

5. Conclusion 

We demonstrated the generation of orthogonally circular polarized states embedded in a 
nonplanar geometric mode by using a c-cut Nd:YVO4 crystal. The conditions for generating 
orthogonally circular polarized states were quantized to match polarization continuity in the 
cavity. Numerical analyses of the polarization and tomogram are consistent with the 
experimental results. The results showed an interesting polarization distribution with three-
dimensional orientation and provided useful insights for potential applications. 
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